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MATHEMATICAL MODELING OF GENERALIZED
BOUNDARY VALUE NEYMAN HEAT EXCHANGE BLANK
PIECE-WISE HOMOGENEOUS CYLINDER

Abstract. The mathematical model of temperature distribution in an empty
piecewise uniform cylinder, which rotates at a constant angular velocity axis OZ
taking into account the finite speed of propagation of heat in the form of
Neumann boundary problem of mathematical physics. Developed new integral
transformation for piecewise homogeneous space with which found the
temperature field empty piecewise homogeneous circular cylinder in a
convergent series in orthogonal functions and Fourier Bessel.

Keywords: Neumann boundary value problem, generalized equation of energy

transfer, integrated Laplace, Fourier, relaxation time.

Introduction. In the phenomenological theory of heat conduction is assumed
that the rate of heat distribution is infinite [1,2]. However, high-intensive non-
stationary processes occur, such as explosions, supersonic flow, high speeds of
rotation using this assumption leads to errors, so be aware that the heat is spread with
the ultimate speed.

As the heat literature review in the cylinders that rotate, studied at present is not
enough [3,4]. It was shown [1] that numerical methods unsteady heat transfer
problems neosesymetrychnyh cylinders that rotate are not always effective when it
comes to computing at high speeds. So have [1], which provided stability calculations
in finite element method and finite difference method used to calculate unsteady
temperature fields neosesymetrychnyh cylinders that rotate are determined similar
characteristics. These conditions are as follows:

l—ﬂZO and L—P—dZO,
Agp? Ap 2

where F - Fourier criterion; Pd - the criterion Predvoditeleva.

If Pd :105, corresponding to the angular velocity of the metal cylinder

w=1671 cex ! radius of 100 mm, variable A@ and AF, should be subject to the following

conditions:

Ap<2-10° and AF, <2107,
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To evenly cooled cylinder provided Bi = 5 time required to 90% temperature

reached steady state, equal to F, =0.025 [1]. This means that you need to make at

least 1.3-108 operations on time in order to achieved steady temperature distribution.

Moreover, it should be noted that during one cycle of calculations required to

make 3.14-10° computing, since internal state of ring 3.14-10° is characterized
points. The result shows that the number of calculations required for numerical result
seems unrealistic.

Therefore, to solve the boundary problem that arises in the mathematical
modeling of unsteady heat transfer process in the cylinder, rotating integral
transformations will apply.

The aim is to develop a new generalized mathematical model of temperature
distribution in a piecewise homogeneous cylinder as Neumann boundary problem of
mathematical physics for the heat equation, and solve the resulting boundary problem,
the solutions which are used in the fields of temperature control.

Main part. Consider the calculation of unsteady temperature field empty
circular cylinder outer radius R in a cylindrical coordinate system (r,(p,z), piecewise
uniform in the direction of the polar radius r, which rotates at a constant angular
velocity axis OZ, taking into account the finite speed of propagation of heat. Thermal
properties are in each layer independent of temperature conditions ideal thermal
contact between the layers and internal heat source available. At the initial time

constant temperature of the cylinder G, and the outer and inner surfaces of the
cylinder are known heat flows G((p) 1 G ((0) respectively.
(9(,0, o, t) relative temperature of the cylinder can be written as:

o, ’t):{el(p,q),t) if pe (p,.p,) o

0,(p.0.7) if pe(pi.p,)
Relative temperature 6 (p, o, t) s th layer cylinder calculated by the formulas:

T, (p.0.t)— Gy
Tmax - GO

6, (p.p.1)=

2

where T, (p,@,t) - temperature s th layer cylinder; T,,, -The maximum temperature of

ax
the cylinder; p = %; s=1,2.

In [1] obtained generalized equation for energy transfer element driving
continuum, taking into account the finite velocity of heat distribution. According to [1]

generalized equation of energy balance of solids, which rotates at a constant angular
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velocity axis OZ, thermal properties which are independent of temperature, and no

internal heat source takes the form:
oT  oT o’T 9T o’T 18T 1 0T 8°T
yeyo—+o—+r, +w =AM —+—+——+ , (2
ot Op o Ogot o2 ror yrop? o7’

where y — density of the medium; c-specific heat; A - thermal conductivity;

T (,0, qo,t) -temperature environment; t -time; 7, -time relaxation.

Mathematically, the problem of determining the relative temperature of the

cylinder 9(,0, qo,t) consists in integrating hyperbolic partial differential equations of
heat conduction (2) in D = {(p, qp,t)|p e (py_1,05 @€ (0,27),t € (0,0) }, that, given

the assumptions adopted in written form:

00, 86, %6 026 o%0, 106 026
SO AT+ T 0 —— —a? 2S+l L4+ 12 5 (3)
ot o ot 0ot op- P Op p°ogp
with initial conditions
00,(p,9,0
0,(p,9,0)=0, 90,(p.00) =0 4)
ot
boundary conditions
t et t ¢t
00 00
[ e®rds=w(p), 2 e d¢=V(p) (5)
0.9 | p=p, 0 %P lp=p,
conditions ideal thermal contact
01(,01,{0,1‘):92(,01,@,1‘) (6)
00\ p, .t 00, o1, 0.t
A 1(51 ¢ ):/12 ) (o1, :1) 7
/% op
R, Ry . . .
where p, =?; Lo =?; p> =1; Ry - inner radius of the cylinder; R; -

radius limits layers; A, - coefficient of thermal conductivity, y, — density, ¢, -pytoma

: A o .
heat capacity, a, =—— - thermal diffusivity s-th layer cylinder; asz LI 1,2;

¢y7, R*

o) 0% v(p)= SO G), Glp)eciozn)

Then the solution boundary value problem (3) - (7) 6 (p,qo,t) 1S twice

continuously differentiated by p, ¢, t in D and continuous in D [5], that is,
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0, (p.p,t)e Cz’l(D)ﬂC(E), and the function W(p), V(p), 6.(p.@.t), can be

arranged in a complex Fourier series [5]:

O(p.p.0)] . [Osnlpnt)
W) (= X 3 W, -expling), ®)
vie) | "L v,
where
Ounlput)) o [0:(0.00)
v, =—£ W(p) t-exp(-inp)dp,

V()
where 6, ,(p,6)= 00 (0,)+160) (o, V,y =V + 1V w, =)+ 1w, 1
imaginary unit.
Given that the actual function 6,(p,¢,t), we restrict further consideration

0

SN

(p,t)for n=0,1,2, .., because &, (p,t) and 6 _, (p,t) be complex conjugated

[5]. Substituting the values of functions (8) to (3) - (7) we obtain a system of

differential equations:

069 _ 520 ~ 00tm) 0200 00" 2
as’n + Sigl)es("zi) +71, —;n + rrlglgl)_as’” = asz s2n +l as’" - n2 Hs(l,z 9)
t ot t op P op  p
with initial conditions
. 069 (p,0
0)(p.0)=0, %’)Lo (10)
boundary conditions
o0 o 1oos) - 0
j d e rdi=w,’, j d e "di=V, (11)
0 Op 0o P
P=Po P=P2
conditions ideal thermal contact
0{') (p1,t)=065") (p1.,1) (12)
1 691(,?1(10191‘)_& 8'9591(/01»1‘) 1
T T 5, (13)

where 19,9) =—n; 19,3 =wn; m; =2, m,=1; ;1,s=1,2.
We use the system of differential equations (10) with boundary and initial

conditions (10) - (13) integral Laplace transform [6]:
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f(s)=o(1jf(f)e‘”df-

As a result, we obtain a system of ordinary differential equations for 5;2 :

. N _ o 4200 d0® 2
580 + g0(E) 7 58 )1 7,526 = o2 s LD G0 | (14)
dp= P dp  p

boundary conditions

A (i) 7 (i)
Gl _g, Ll ), (15)
op op
p=0 p=1
conditions ideal thermal contact
0.%) (o1,)=05") (py.1) (16)
00 (p1,t) 005 (p.t
200 200 -
op op
where 170 = W,@(HL]; 70 - V,g»(HL} -12)
ST, ST,

To solve the boundary problem (14) - (17) integral transformation construct:

)T D) )y~ 3 Qliner)

£o (Z(p) s=1 Ps—1 as

Mn' -
QI( a’k pj, af if pe(p,.p,)
where 0, (k,.p) alp)= 1
o

pflp)dp,  (18)

Mn,k

A,

p} o) if pe(p.p,)

Qo(pn,kp) eigenfunctions and eigenvalues are 4, ; with the decision of the

Sturm-Liouville:

d*Q, ldQS_n #onk

0,=0 (19)
a’,o2 ,0 dp p asz °
H H
8Q1( nk J aQz( b PzJ
o _ 2% .
=0, =0, (20)
op op
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B B 5Ql(llZ’k le 00, (ﬂ;k le
Ql[ﬂle:Qz( nk Js A 1 ) 2 , (s=1,2;) (21)

o a, 1 op op
Solving the problem of Sturm-Liouville (19) - (21) we get:
CE
QI(#;’I‘ pj = #alk , Qz(!:;’k pj = ﬂai : (22)
R 3 B )

e A(/un,k pj _ :un,k |:Y},;(ﬂn’k ponn(ﬂn,k pJ_J;l(:un,k ,Ooj Ym(:un,k ,OJ:|;
2% oy o %9 o o
\P[’un’k ,DJ _ Hn k |:Yr;[:un,k pszn[ﬂn,k pJ_JI,i{:un,k sz Ym[:un,k ,OJ:| :
2%) 2%) 2%) 2%) 2% 2%)

J,(x),Y, (x)-Bessel functions 1°° i 2°° kind #*° in accordance with the procedure[5].

The eigenvalues are 4, ; solution of the transcendental equation:

Q(/un,k le H(:un,k le
%] 12%)
=0 , (23)
A(,un,k plj \P(/‘n,k le
%] 12%)
ﬂeg(ﬂn,k pJ _ :un,k |:Yn,(:un,k pon’;{ﬂn,k pJ_J;l(:un,k poj Yrg(ﬂn,k pj :|;
2%) oy oy %] oy o

n n ] n /] n ] n [; n ﬂ“
H(ﬂ K pj: Hy i {Yn(ﬂ J szJn(ﬂ J pj"]n(ﬂ J PzJYn(ﬂ K pj} o=22

2%) a, a, a, a, a, 4

Inverse transformation formula is:

= O\t i) -(nk)

f(p)=3 flu

(24)
w10y (g0 )|

Foursquare own rules HQO (yn’ K p)‘z function is:
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2
/un,kA(lL:’k plj 2a1

2
/un,k
pi n’af alg[ 2 le p;
HQo(/lnkP]\ = 27 I [Qs(unkp)] ,Od,o—2 1- + _Fro |

“ag o af

We use the system of differential equations (14) integral transformation (18),

;Un,k

where their function Q{ J determined by formulas (22) and the eigenvalues

N

are p, ; solution of transcendental equation (23) and given the designation (1), as a

result of the petitions system conventional algebraic equations gn(i ),

o o (al)
50,0+ 900 42,580 )4 2,250 =g,,,| —2%— 50 05)
M nk
i M,k = M,k .
e qp :ﬂzn’k;' Qg’)k :POQl( j ()“‘Qz( J ()’ i=1,2.
) a;
Solving the system of equations (25) we get:

o oW 2y +(-1 i+la)n17(m")§2(mi) l+s7

en(l) _ n,k( r qn,k ) ( ) n ( r) (i:1,2) (26)

(Trs2+s+qn’k )2+co n (1+sr )2

Using the image features (26) Formula inverse Laplace obtain original features:
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ﬁél)(yn,k,t): i(n,k(sj ) {QSL(SJ )-[(2T,sj +1)+ T,anl]+Q£12’l)<(sj )-[r,an—(%,sj +1)]]}-

j=
(esjt _1)+§]3§n,k(sj' ){QSL(SJ )'[(2TrSj +1)_Tra)l’l1]+Q£12,l)<(Sj )'[Tran+(27rsj +1)1]}
: es-/t—lj, 27)

511(2)(/un,k’t): % Cn,k(sj ){51131)((‘?] )'[(2Trsj +1)+ Tra’”f]—Qg,)k(Sj )'[Tra’"—(zfrsj +1)f]}'

(esjt _1j+ > Cuils; ) {an,ll(Sj Foess; +1)-r,on |-l (s; e on+ (s 1))

j=3
(esj ! —1) , (28)
0.5s7" , ,
where ¢, k(s j )= , and the value s j for j =1,2,3,4 determined
’ (22'rsj + 1)2 +(z,on
by formulas
(z,.cmni—1)+ \/(l + T,,oom')2 —47,9, k (z,coni +1)+ \/(1 - Tra)ni)2 —47, 9k
S1,2 = 2, 834 = 2, .

Thus considering the inverse transformation formulas (8) and (24) we obtain
the temperature field piecewise homogeneous circular cylinder towards the polar
radius that rotates at a constant angular velocity ® axis OZ, taking into account the

finite speed of propagation of heat:

0(p.p.)= 3 {3 [@f”(un,kaf)” -@f”(#mkﬁ)]w -expl(ing), (29)
n=-o k=1 |00 (1t 10

where value @ﬁl)(un’k,t) and 6£2)(un’k,t) determined by formulas (27) (28).

Conclusions. In the article the developed new integral transformation found
temperature field (29), empty piecewise homogeneous circular cylinder towards the
polar radius that rotates at a constant angular velocity @ axis OZ, taking into account
the finite speed of propagation of heat in the form of convergent orthogonal series by
Bessel functions and Fourier. Found analytical solution of the generalized boundary
problem of heat transfer cylinder that rotates, given finite velocity of propagation of
heat can be used in the modulation of temperature fields arising in many technical

systems (in satellites, rolls, turbines, etc.).
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536.24

bepaauk M.I'. MaremaTu4yHe MOJEJTIOBAHHA 3a/Ja4i TeNJI000MiHy piluHH HA
rizpoauHamivecki mouarkosiii ainsiaui / Cucremui TexHomorii. Perionansauii
MDKBY31BCbKHH 301pHUK HayKOBHX Tpailb. — Bumyck 1(100). — JIHITpONEeTpOBCHK,
2017.-C. -.

Po3pobnena MaTemMaTH4HA MOJEIb TEMIIEPATYPHUX PO3MOJLIIB Y MOPOKHBOMY
KYCKOBO-OJHOPITHOMY ITWIIHAPI, KUK 00€pTa€ThCs 3 TMOCTIMHOK KYyTOBOIO
MIBHIIKICTIO HaBKOJIO oci OZ 3 ypaxyBaHHSM KiHIIEBOT IIBUKOCTI MOMINPEHHS
TEeIUIa, y BUTJISAL KpaiioBoi 3aaadi Heitmana matemarnyHoi ¢i3uku . Pozpobieno
HOBE IHTETpaJIbHE TIEPETBOPEHHS IJIs1 KYCKOBO-OJHOPITHOTO MPOCTOPY, 32
JIOTIOMOTOI0 SIKOTO 3HAHIEHO TeMIepaTypHE MOJIe MOPOKHBOTO KYCKOBO-
OJTHOPIAHOTO KPYrOBOTO IIJIIHAPA Y BUTIISAI 301KHUX OPTOTOHAIBHUX PSIIIB IO
¢yukuisim beccens 1 Dyp’e.

KarouoBi ciioBa: kpaiioBa 3anada Helimana, y3aranbHeHe piBHSHHS IEPEHOCY €HEPrii,
iHTerpansHi nepetBopeHHs Jlammaca, @yp'e, yac penakcartii.

bi6x. 6.

536.24

bepaauk M.I'. MaTtemaTtu4eckoe MojeiupoBaHue 00001IeHHON KpaeBoi 3a1a4u
HeiimaH Tenyioo0MeHa 10J10ro KyCO4HO0-0AHOPOAHOr0 HuauHApa // CuctemMHble
TEXHOJIOTUH; PernoHanbHblil MEXBY30BCKHI COOPHUK Hay4IHBIX paboT. — Brimyck
(100). — Auenponetporck, 2016. — C.

Pa3paboTtana MaTemaTuueckast MOJIENIb TEMIIEPATYPHBIX paclpeaeIeHUH B T0JIOM
KYCOYHO-OJHOPOJHOM LIWJIMHJPE, KOTOPHIN BPAIAETCs C IIOCTOSSHHOM YIIIOBOM
CKOPOCTBIO BOKpPYT ocu OZ, ¢ yueTOM KOHEUYHON CKOPOCTH pacIpOCTpaHEHMs TeIlla B
BUJIe KpaeBoii 3a1aun Helimana matematudeckoi pusuku. PazpaboTano HOBoe
UHTErpajgbHOe peoOpa3zoBaHue i KyCOYHO-0JHOPOIHOTO TPOCTPAHCTBA, C
IIOMOUIBIO KOTOPOTO HAAECHO TEMIIEPATYPHOE OJIE IIYCTOr0 KYCOYHO-OJHOPOJIHOIO
KPYTOBOTO IMJIMHPA B BUJIE€ CXOAAIIUXCS OPTOTOHATBHBIX PSAAOB 1O (QYHKITUSIM
beccensa u Oypee.

KaroueBble ciioBa:kpaeBas 3anada Heiimana, 00001meHHOE ypaBHEHHE TIEpEeHOCA

SHEPIruH, HHTErpaIbHbIe IpeoOpa3oBanus Jlamnaca, @ypre, BpeMms pelaKcalyy. .
buon. 6.
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Berdnyk M. Mathematical modeling of heat transfer fluid in the initial section
hydrodynamycheskye // System technologies. — N.1 (100). — Dnipropetrovs’k, 2016.
-P..

A mathematical model of the temperature distribution in the hollow piecewise uniform
cylinder, which rotates at a constant angular velocity about the axis OZ, taking into
account the finite speed of propagation of heat in the form of the Neumann boundary
problem of mathematical physics. Created a new integral transform of a piecewise-
homogeneous space, with which found the temperature field empty piecewise
homogeneous circular cylinder in the form of convergent orthogonal series of Bessel
functions and of Fourier.

Keywords: Neumann boundary value problem, generalized equation of energy
transfer, integrated Laplace, Fourier, relaxation time..
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